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DESCRIPTIVE 
STATISTICS


WHAT TO KNOW

MEASURES OF LOCATION

Mean is the most common measure of 
central tendency, and is the arithmetic 
average of all measurements in a data set.  
The Mean of a sample is often expressed 
as x-bar (x)̅.


Median is the middle number, or center 
value of a data set when all the data are 
arranged in increasing order.


Mode is the value that occurs most 
frequently in a data set.


MEASURES OF DISPERSION

Range is the highest value minus the lowest value in a data set.


Standard Deviation is a measure of dispersion that indicates if values tend to be close to 
the mean (indicated by a low standard deviation value) or spread out away from the mean 
(high standard deviation value).  Standard Deviation is expressed in the same units of 
measure as the mean and individual data points.

Standard Deviation of a sample can be expressed as sd or s or stdev, and is defined by 
the following equation:


Where N = number of samples in the data set, xi is an individual value, and x ̅is the mean.


Variance is a standard deviation squared.

VISUAL DESCRIPTIVE STATISTICS:  THE HISTOGRAM
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WHAT IT IS

Descriptive statistics characterize data, 
defining what the data is.  Descriptive 
Statistics can be numerical or visual 
summaries of the information in a data set.  
The numerical summaries are typically 
measures of location and dispersion.  The 
visual summary is typically a bar chart, line 
graph, or a Histogram.

WHEN TO APPLY IT

Descriptive statistics are ubiquitous, forming 
the foundation of all other statistics 
discussed in this manual.  



A Histogram is a plot of a frequency distribution, which displays the centrality and 
dispersion of the data.  The measured value is on the 
x-axis and the frequency of that measure is on the y-
axis.


Data displayed in histograms are often symmetrical, 
as shown on the right.  However, some data will 
distribute differently.  Two considerations to be 
aware of are skewness and bimodality.  


Skewness 


Skewed data sets have a tail that disperses either to 
the left (negative skew) or the right (positive skew).  
Data can display skewness when the mean 
approaches an absolute, such as 0 or 100 as 
happens when plotting percentages.  Skewness can 
also appear when efforts are made to minimize (positive skew) or maximize (negative 
skew) the measured value.                                                                                             





Bimodality 


A distribution with two modes, or most frequently occurring value, is said to be bimodal.  
Bimodal histograms indicate that there is a factor influencing the data set that creates 
two distinct populations:  two populations are lumped together in one data set.  With 
bimodal distributions, the measures of location and dispersion, such as mean and 
standard deviation, are not meaningful until the data set is split into its distinct 
populations.
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THE NORMAL 
DISTRIBUTION


WHAT TO KNOW

The Normal Distribution is the simplest 
and most common of several Probability 
Distributions.  All you need to know is the 
mean and the standard deviation to 
understand probabi l i t ies of dada 
distribution.



UNIVERSAL PROBABILITIES

Every normal distribution has a universal 
probability of data points residing within n 
standard deviations of the mean.  For 
example:  


68.26% of the population will fall within 
+/- 1 standard deviation of the mean.  


95.46% of the population will fall within 
+/- 2 standard deviations of the mean, and 


99.73% of the population will fall within 
+/- 3 standard deviations of the mean.  


This is true for all Normal Distributions, 
regardless of the mean or sd.  
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WHAT IT IS

he Normal Distribution is a continuous, bell-
shaped, symmetric distribution such that data 
frequency within the data set can be defined 
by two parameters:  the mean and the 
standard deviation.

The Normal Distribution

± 1sd = 68.26% of the data

± 2sd = 95.46% of the data

± 3sd = 99.73% of the data

WHEN TO APPLY IT

The Normal Distribution is the basis for many 
other statistical analyses.  It is a requirement  
for using analyses such as the Z score, 
capability analysis, t-tests, and other 
variables-data analyses.   



TABLE OF PROBABILITIES

Refer to the following table for further information regarding probabilities of the Normal 
Distribution (refer to the section on Capability Analysis for the definition of Cpk):


SD Limits (+/-) % of Population  
Within Limits

PPM Defective  
(Outside Limits)

Cpk

0.6745 50.00 500,000 0
1.00 68.27 317,300 0.33
2.00 95.45 45,500 0.67
2.36 98.00 20,000 0.79
3.00 99.73 2,700 1.00
3.29 99.90 1,000 1.10
3.54 99.96 400 1.18
3.89 99.99 100 1.30
4.00 99.9937 63 1.33
4.26 99.9980 20 1.42
4.42 99.9990 10 1.47
4.5 99.9997 3.4 1.50

5.00 99.99994 0.6 1.67
6.00 99.9999998 0.002 2.00
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TEST FOR NORMALITY

WHAT TO KNOW

To test for normality, use a normality test 
in a stat ist ical software package.  
Commonly accepted tests are the 
Shapiro-Wilk test or the Anderson-Darling 
test.  

•Tests for normality require a sampling 
size between about 20 and 100 to be 
accurate, with an optimal sample size of  
about 30.  If sample sizes are less than 20 
or greater than 100, the normality test 
loses its power to determine if the 
probabilities of the normal distribution 
apply to the sample or not.  

•If the sample size is less than 20, 
generate more data.  

•If the sample size is greater than 100, 
select a random sample of 30 values from 
the data set to test for normality. 


PROCEDURE:

• The Null Hypothesis is that the data are from the Normal Distribution.  Small p-values 

reject the Null Hypothesis.

• From the software output, identify the p-value of the Normality Test.  When the p-value 

is less than 0.05 we have a high degree of confidence that the data are not distributed 
normally (i.e. we consider the distribution to be non-normal). 


• When the p-value is greater than 0.05 we cannot conclude that the distribution is non-
normal, so we consider the distribution to be normal.
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WHAT IT IS

The Test for Normality is a statistical test to 
determine if the data in a sample are 
distributed according to the probabilities of 
the Normal Distribution.  

WHEN TO APPLY IT

Use a Test for Normality to confirm a sample 
is from the Normal Distribution, including:

• Whenever you want to apply the 

probabilities of the Normal to your data 
analysis.


• Whenever another statistical test relies on 
the assumption that the data are 
distributed normally, such as a Z score, t-
test, or Capability Analysis



NON-NORMAL DATA

WHAT TO KNOW

When data are non-normal, we cannot use 
certain statistical analyses that rely on 
normality.  Follow one or more of the four 
approaches below for dealing with non-
normal data:





1.  Investigate Special Causes 


Special Causes may be the source of non-
normal data.  First, investigate the data for 
special causes.  IF a special cause is 
identified and remedied (you have 
assurance that the special cause will not 
recur), the special cause data may be 
removed from the sample and the 
normality test may be run again.  








2.  Split the Data


Sometimes the source of non-normality is a 
dependence on a particular contained in the data set, 
such as a particular machine,  operator, or timeframe.  
This often looks like a bimodal or trimodal data set.  
In this case, the data sample may be split and each of 
the new samples evaluated individually for normality.  
Turn one data set into multiple and determine 
normality in each new set.  
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WHAT IT IS

Non-Normal data is a sample that does not 
conform to the probabilistic parameters of the 
Normal Distribution.  When the Test for 
Normality fails (p-value is less than 0.05), 
then we consider the data non-normal.  

SPECIAL CAUSES

Special Causes are sources of variation that 
are not always present, and only affect a 
portion the process output.  They are often 
intermittent and unpredictable.  Special 
Causes can result in a process output that is 
unstable, incapable, and unpredictable.

 


COMMON CAUSES

Common Causes are sources of variation 
that are always present and consistently act 
on the process.  Examples include raw 
material lot variation, machine setting 
variation, variation within a machine from rep 
to rep, ect.  Common Cause variation results 
in a process that is stable, repeatable, and 
therefore predictable over time.

9 10 11 12 13

Find the cause, 


Split the data into two sets


Test each for Normality



3. Transformation or Best Fit


It may be possible to identify a transformation of the data that results in normally 
distributed values.  A transformation is essentially a mathematical computation applied 
to each individual data point, and then the transformed data can be assessed for 
normality.  The most common transformation is to take the logarithm of the values.  If 
specification limits are relevant to the data analysis, the same transformation must be 
applied to any specification limits to render correct conclusions in an analysis.


 


Statistical Software is capable of completing many of 
the statistical analyses described in this document 
with standard probability distributions other than the 
Normal Distribution, such as a Johnson SI, 
exponential, or logarithmic.  It is acceptable to use the 
sof tware to complete ana lyses wi th these 
distributions.  

• Ensure the sample size is between 20 and 100.

• Use the software to identify the distribution that best fits 
the data.


• Use the p-value to determine if the data adequately fit 
the distribution with a high degree of confidence.


• Complete the analysis with the software using the best 
fit distribution.


4. Convert to Attribute Data


If none of the above approaches are appropriate for your data set, then convert the data 
to an attribute (pass/fail) and complete the analysis with one of the attribute analysis 
techniques described in this Guide.  
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Z SCORE

WHAT TO KNOW

Z Score and the Z tables assume the data 
are from the Normal Distribution.  Test for 
Normality prior to determining Z score.

In the equation:

	 	 (X - m) / s = Z



X is the data point being analyzed, 

m is the population mean, and 

s is the population standard deviation


To graphically represent the Z distribution, 
transform all data points to Z and plot them 
in a histogram.    The mean will be 0 and the 
sd will be 1.




The Z tables are look-up 
tables that tell the proportion 
of the population below a 
particular Z score.  

The Y-axis is the Z score to 
the first decimal place.

The X-axis is the second 
decimal place of the Z score.  

For example, if we wish to 
know what proportion of the 
population is below -1.23 Z, 
we look to the row -1.2 (Y-
axis) and the column .03 (X-
axis) and find the proportion 
is 0.1093.  In other words, 
10.93% of the population of 
a normal distribution is less 
than -1.23 standard 
deviations from the mean.  
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WHAT IT IS

Z, or Z Score, is a term that describes how 
many standard deviations from the mean an 
individual data point resides in a normal 
distribution.  The equation for Z is:

                          (X - m) / s = Z


WHEN TO APPLY IT

Z i s common ly used to de te rm ine 
probabilities from a normal distribution.


The Z tables are used to determine the 
proportion of the population that resides 
below a particular Z score.  






 

PAGE 11

Z TABLES




CAPABILITY 
ANALYSIS


WHAT TO KNOW

Each time we run a process, the process 
output will vary.  The accumulation of many 
outputs from many runs of a process will 
produce a distribution of results; variation 
around a mean.


Process Capability measures assume a 
normal distribution.  Before applying these 
measures, ensure the data are distributed 
normally.  


We will discuss four measures of Process 
Capability:  Cp, Cpk, Pp, and Ppk


The combination of these four indices will 
help us to understand the process 
centeredness, variation, and proportions in 
and out of specification.  


DEFINITIONS

Short-term standard deviation:

A measure of standard deviation that is 
typically bound to one lot, one machine, one 
day, or all of these factors.  Also known as 
“within” or “within lot sd”.  


Long-term standard deviation:

A measure of standard deviation that 
includes measurements across multiple 
runs, days, operators, machines, etc.  It 

includes all factors that contribute to variability 
in the process output over the long-term.  Also known as “total sd” or “between lot sd”.   


Stability:

The characteristic of having a predictable, small amount of variation over time.  


Capability: 

The ability to produce product that consistently meets specifications.  
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WHAT IT IS


Capability Analysis is a set of tools that 
measures a process distribution against the 
process specifications.  Process Capability 
measures will tell us if we can manufacture a 
product to specifications, as well as predict 
the proportion of units that will be out of 
specification.


WHEN TO APPLY IT

We use Capability Analysis: 

• when establishing a process, to confirm 

t h a t i t w i l l c o n s i s t e n t l y m e e t 
specifications.


• when preparing or validating process 
changes, to confirm that the process 
changes will not adversely affect defect 
rates.  


• during  failure investigations to determine 
if the source of failures is from within lot 
variation, between lot variation, or from 
lack of centeredness.  



CP, PROCESS POTENTIAL SHORT

Cp is a ratio of the spread of the distribution to the specification width.  Cp uses short-
term standard deviation, and is defined by the formula:


Interpreting Cp

• Typically, we consider a process with a Cp >1 to be a process that has good potential to 

meet specifications.  

• In a normal distribution, when Cp = 1, then 99.73% of the data is expected to fall within 

specification, assuming the process is centered within the specifications and the 
process is stable over the long term.  


• The greater the Cp, the greater the process’ potential to produce units within 
specification.  


• It is considered a best practice to design and control a process to have Cp > 1.5 to 
allow for process variation over time.


CPK, PROCESS CAPABILITY SHORT

Cpk is a ratio of the spread of the distribution to the specification width, and includes an 
indication of centeredness of the distribution (Note that Cp does not indicate 
centeredness). Like Cp, the Cpk calculation uses short-term standard deviation.  For Cpk, 
two computations are made, one against each specification, and then the lower of the two 
results is used as the Cpk index.  Also, the Cpk index can be calculated with a one-sided 
specification, using only the one computation that is relevant.


Interpreting Cpk

• Cpk is a more valuable measure than Cp because it takes into account centeredness.  

Process are rarely perfectly centered.  

• Like the Cp measure, a good rule of manufacturing is to design and control processes 

to have a Cpk index of greater than 1.33, and the greater the Cpk, the more capable the 
process is to produce units within specification.  


• When Cpk = 1, then 99.87% of the units are expected to fall within specification.  It is 
considered a good practice to have Cpk  greater than 1.33, to allow for long-term 
standard deviation and still have a high proportion of product within specification.  
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Where:

USL is Upper Spec Limit

LSL is Lower Spec Limit

Where:

USL is Upper Spec Limit

LSL is Lower Spec Limit

Xbar is the mean of the data









In the picture above:

• The Cp is 1.33, indicating that the spread of the distribution (variation) is sufficiently smaller 

than the specification width.  The process has the potential to consistently meet 
specifications.  


• However, the Cpk is 0.55, indicating that there is a significant portion of the process that is 
outside of specification.  The process is not capable of consistently meeting specifications. 


• If we only had looked at the Cp measure, we would have missed that the process is off-
center.


• The combination of the two numbers Cp and Cpk indicate where the problem resides, 
within a short term timeframe:  the process variation is good, but the process is off-center.   
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Cp = 1.33


Cpk = 0.55



PP, PROCESS POTENTIAL LONG

The index Pp is similar to Cp, but with one important difference:  Pp uses long-term 
standard deviation, also called sd total, instead of short-term.  

With this in mind, if we use the Cp to make inferences about the process in the long term, 
then we are assuming that the process is stable over the long-term.  This is often a poor 
assumption.  When we use Pp, we are more able to  correctly judge future potential of the 
process.  

The equation for Pp is:


Interpreting Pp

• Pp is interpreted similarly to Cp in that it can judge the potential of a process to meet 

specifications.  

• Like Cp, it does not consider centeredness, which is why we use the term potential (and 

not capable).  

• With Pp, like Cp, the higher the number, the greater the potential to meet specifications.  

It is considered best practice to have Pp, greater than 1.33.  


Short Term vs Long Term SD
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The picture to the left depicts the difference 
between short-term and long-term sd.


The various histograms represent short-term 
production batches:  for example one lot or 
one day.  


Short-term sd is confined within one batch.


Long-term sd measures and includes the 
variation between all batches over a long 
time.


Long-term sd is conceptually greater than 
short-term.  However, it is possible, on 
occasion, for calculations to render a greater 
sd value for short-term sd compared to long-
term.  This can happen when the short-term 
sd is based on a small data set or one that is 
greater than the typical short-term 
distribution.  (You picked the fattest 
distribution to measure short-term!)



PPK, PROCESS PERFORMANCE

The index Ppk takes into account centeredness, and uses long-term standard deviation.  
Because of these parameters in the calculation, it is the most powerful metric for judging if 
a process can meet specifications, when used as a stand-alone metric.  

The equation for Ppk is:


Interpreting Ppk

• It is considered a best practice to design and control a process to have a Ppk > 1.  

• When Ppk = 1, then 99.87% of units are expected to fall within specifications in the long 

term. 

• It is considered best practice to have Ppk  greater than 1.  


APPLYING THE FOUR MEASURES IN COMBINATION

Note that sdtotal will typically be greater than sdshort.  Therefore, Cpk will be smaller than Cp 
and Ppk will be smaller than Pp.  

Likewise, Cp will always be larger than Pp and Cpk will always be larger than Ppk because 
of the assumption or non-assumption of centeredness.    In summary:

                    Ppk < Cpk < Cp       and     Ppk < Pp < Cp


The four indices can be used together to make inferences about process stability and 
process capability.  
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If And… Label Source Action

Ppk < 1 Pp > 1.33 Centeredness Centeredness Adjust process controls to center the process.  
Consider DOE and component specifications.

Ppk < 1 Cpk > 1.33 Unstable Between run variation
Investigate causes of lot-to-lot variation:  raw 

material lots, process settings, operator or shift 
biases

Cp < 1.33 Cpk = Cp Incapable Within run variation 

(but centered)

Reduce sources of variation:  Consider DOE, 
process controls, component specifications

Cp < 1.33 Pp = Cp Incapable Within run variation 

(but stable)

Reduce sources of variation:  Consider DOE, 
process controls, component specifications

Cp < 1.33 Cpk < 1

And ≠ Cp

Incapable, 
Centeredness

Within run variation 
and not centered

Reduce sources of variation, and center process:  
Consider DOE, process controls, component 

specifications

Cp < 1.33 Pp ≠ Cp Incapable, 
Unstable

Within run and 
between run variation

Reduce sources of short and total variation:  
Consider DOE, process controls, component 

specifications






OUTLIER ANALYSIS

WHAT TO KNOW

Aberrant data can bias the summary 
statistics and conclusions of an analysis.  An 
aberrant data point is also called an outlier.  

The magnitude of the influence of such 
aberrant data depends on the sample size 
and the number of outliers.  


Outliers can be caused by transcription error, 
misreading a measurement, equipment 
failure, or procedural error.


There are many reliable tests identify 
outliers.  This manual will describe two:  
Dixon’s Test, which we use for small sample 
sizes, and the 5Z test, which we use for 
large sample sizes.   


DIXON’S TEST:

‣ Dixon’s test is a simple calculation that identifies outliers with 95% probability.  

‣ Use this method when the sample size is small, between 5 and 20.  

‣ To declare an outlier, compare the suspected aberrant value(s) to the “normal majority”; 

the other data points in the sample.


DIXON’S TEST PROCEDURE:

1. Arrange the data in increasing order.  Call the ordered data x1, x2, x3, x4, …, xN

2.   Calculate the ratio (denoted r) as follows:


• For an outlier suspected at the high end:  r = (Xn - Xn-1)/(Xn - X1)


• For an outlier suspected at the low end:  r = (X2 - X1)/(Xn - X1)


3.   Compare the value r to the critical value in the table below for the sample size in 
the data set.  If the r value is greater than the critical value, then the point can be 
considered an outlier.
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WHAT IT IS


Outlier Analysis is a method for identifying 
aberrant data, known as outliers.  This 
section will also suggest best practice for 
how to deal with identified outliers.  


WHEN TO APPLY IT

We use Outlier Analysis whenever we 
suspect that a datum point might be outside 
of the probabilities defined by the normal 
distribution.

Note that the techniques described here 
assume that data are distributed normally.    



DIXON’S TABLE OF CRITICAL VALUES:


5Z TEST:

The probability of a data point from a Normal Distribution being greater than 5sd from the 
mean is < 0.0001%.  

This method can be used when the estimates of mean and standard deviation are robust, such 
as when the data set has 20 or greater data points, and when the distribution is approximately 
normal.


5Z TEST PROCEDURE:

1. Confirm the data set has 20 or greater data points

2. Test for Normality.  Confirm the data are not non-normal.

3. Calculate the Z score of the suspected outlier.   If  Z < -5 or Z > 5, then the point can 

be considered an outlier.


Sample	Size Critical	Value	(95%) Sample	Size Critical	Value	(95%)

5 0.6423 13 0.3615
6 0.5624 14 0.3496
7 0.5077 15 0.3389
8 0.4673 16 0.3293
9 0.4363 17 0.3208
10 0.4122 18 0.3135
11 0.3922 19 0.3068
12 0.3755 20 0.3005
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